Abstract. A topological space X is cometrizable if it admits a weaker metrizable topology such that each point x ∈ X has a (not necessarily open) neighborhood base consisting of metrically closed sets. We prove that the class of cometrizable spaces includes all stratifiable spaces and all as-cosmic spaces. Moreover, for any k-separable space X and any cometrizable space Y , the function space C k (X, Y ) endowed with the compact-open topology is cometrizable. For a topological space X the function space Cp(X) is cometrizable if and only if it is metrizable. Also, we present an example of a regular countable space of weight ω1, which is not cometrizable. Under ω1 = c this space contains no infinite compact subsets and hence is cs-cosmic. Under ω1 < p this countable space is Fréchet-Urysohn and is not cs-cosmic.
Introduction
In this paper we study the interplay between the class of cometrizable spaces and other classes of generalized metric spaces.
A topological space X is called cometrizable if it admits a metrizable topology such that each point x ∈ X has a (not necessarily open) neighborhood base consisting of metrically closed sets. Equivalently, cometrizable spaces can be defined as spaces X for which there exists a bijective continuous map f : X → M to a metrizable space M such that for any open set U ⊂ X and point x ∈ U there exists a neighborhood V ⊂ X of x such that f −1 (f (V )) ⊂ U .
It is clear that each cometrizable space X is regular and submetrizable, i.e. admits a continuous bijective map onto a metrzable space.
Cometrizable spaces were introduced by Gruenhage [21] who proved the following interesting implication of PFA, the Proper Forcing Axiom [7] . Theorem 1.1 (Gruenhage) . Under PFA, a cometrizable space X is cosmic if and only if X contains no uncountable discrete subspaces and no uncountable subspaces of the Sorgenfrey line.
In [26, 8.5] Todorčević proved that this PFA-characterization of cosmic cometrizable spaces remains true under OCA (the Open Coloring Axiom, which follows from PFA).
These results of Gruenhage and Todorčević motivate a deeper study of cometrizable spaces. In this paper we establish some inheritance properties of the class of cometrizable spacs and using the obtained information study the relation of cometrizable space to some known classes of generalized metric spaces.
We start with the following simple (but important) observation. Proposition 1.2. The class of cometrizable spaces contains all metrizable spaces and is closed under taking subspaces and countable Tychonoff products.
Next we show that the class of cometrizable spaces is stable under forming function spaces C K (X, Y ).
Here for topological spaces X, Y by C(X, Y ) we denote the set of all continuous functions from X to Y . Given a family K of compact subsets of the space X by C K (X, Y ) we denote the space C(X, Y ) endowed with the topology generated by the subbase consisting of the sets [K, U ] := {f ∈ C(X, Y ) : f (K) ⊂ U } where K ∈ K and U is an open set in Y .
If K is the family of all compact (finite) subsets of X, then the function space C K (X, Y ) will be denoted by C k (X, Y ) (resp. C p (X, Y )). If K is the family of convergent sequences in X (i.e., countable compact sets with a unique non-isolated point), then the function space C K (X, Y ) will be denoted by C cs (X, Y ). The function spaces C k (X, R), C cs (X, R) and C p (X, R) are denoted by C k (X), C cs (X) and C p (X), respectively.
A family K of compact subsets of a topological space X is called separable if • each compact subset of any compact set K ∈ K belongs to the family K;
• the union K is dense in X;
• K contains a countable subfamily C such that each compact set K ∈ K can be enlarged to a compact setK ∈ K such thatK ∩ C is dense inK. Theorem 1.3. Let X be a topological space and K be a separable family of compact subsets of X. Then for any cometrizable space Y the function space C K (X, Y ) is cometrizable.
This theorem will be proved in Section 2. Now we derive some its corollaries. A topological space X is defined to be • cs-separable if X contains a countable set D ⊂ X, which is sequentially dense in X in the sense that each point x ∈ X is the limit of some convergent sequence {x n } n∈ω ⊂ D; • k-separable if X contains a countable subset D ⊂ X, which is k-dense in the sense that each compact set K ⊂ X is contained in a compact set On the other hand, the cometrizability of the function spaces C p (X) is equivalent to the metrizability. Let X, Y be two topological spaces. A topological space X is defined to be Y -Hausdorff if any function f : F → Y defined on a finite subset F ⊂ X can be extended to a continuous functionf : X → Y . Theorem 1.6. For a separable topological space Y containing more than one point and a YHausdorff space X, the function space C p (X, Y ) is cometrizable if and only if X is countable and Y is cometrizable.
This theorem will be proved in Section 3. Now we study the relation of the class of cometrizable spaces to other known classes of generalized metric spaces. We start with stratifiable spaces and their generalizations.
A regular topological space X is called
• stratifiable if each point x ∈ X has a countable system of open neighborhoods (U n (x)) n∈ω such that each closed subset F of X is equal to n∈ω U n [F ] where U n [F ] = x∈F U n (x); • semi-stratifiable if each point x ∈ X has a countable system of open neighborhoods (U n (x)) n∈ω such that each closed subset F of X is equal to n∈ω U n [F ]; • quarter-stratifiable if there exists a function U : X×N → τ such that X = x∈X U (x, n) for all n ∈ ω and for any point x ∈ X, any sequence {x n } n∈ω ⊂ X with x ∈ n∈ω U (x n , n) converges to x; • a space with
Stratifiable spaces were introduced by Borges [9] but were known earlier as M 3 -spaces of Ceder [10] . Semi-stratifiable spaces were introduced by Greede [18] and quarter-stratifiable spaces by Banakh, who proved in [1] that every semi-stratifiable space is quarter-stratifiable and every quarter-stratifiable space has G δ -diagonal. More information on stratifiable and semi-stratifiable spaces can be found in [19] and [20] . One of the main results of this paper is the following theorem, proved in Section 4. Theorem 1.7. Each stratifiable space is cometrizable.
Next, we recall some local properties of topological spaces. A topological space X is defined to be
• Fréchet-Urysohn if for any subset A ⊂ X and point x ∈Ā there exists a sequence {x n } n∈ω ⊂ A that conveges to x; • sequential if for any non-closed set A ⊂ X there exists a sequence {x n } n∈ω ⊂ A that converges to a point x ∈ X \ A; • a k-space if for any non-closed set A ⊂ X there exists a compact set K ⊂ X such that K ∩ A is not closed in K; • a k R -space if the continuity of a function f : X → R is equivalent to the continuity of its restrictions f ↾K onto compact subsets K on X;
By a convergent sequence we understand a compact countable set with a unique non-isolated point. Ascoli spaces were introduced and studied in [4] . By [4, 5.4] (and [4, 5.8] ), a (Tychonoff) space X is Ascoli if and only if the canonical map δ : X → C k (C k (X)) assigning to each x ∈ X the Dirac measure δ x : f → f (x) is continuous (if and only if the map δ is a topological embedding). Sequentially Ascoli spaces were studied in [14] , [15] and in [3] (as spaces containing no strict Cld ω -fans). For any Tychonoff space X we have the implications:
The unique non-trivial implication (k R -space ⇒ Ascoli) in this diagram is due to Noble [24] , see [4, §5] . By [15, 2.9] , any non-discrete P -space is cs-Ascoli but not Ascoli.
There is a useful characterization of cs-Ascoli spaces in terms of (strict) Cld ω -fans, which are defined as follows.
A sequence (F n ) n∈ω of closed subsets of a topological space X is called
• compact-finite in X if each compact subset K ⊂ X the set {n ∈ ω : K ∩ F n = ∅} is finite; • strictly compact-finite in X if each set F n has a functionally open neighborhood U n ⊂ X such that for any compact set K ⊂ X the set {F ∈ F : K ∩ U n = ∅} is finite; • accumulating at a point x ∈ X if for each neighborhood O x of x the set {n ∈ ω : O x ∩ F n = ∅} is infinite; • a (strict) Cld ω -fan in X if it is (strictly) compact-finite and accumulates at some point x ∈ X.
A subset U of a topological space X is called a functionally open neighborhood of a set A ⊂ X if there exists a continuous function f :
The following characterization of sequentially Ascoli spaces was proved in [3, 3. If X is a normal ℵ-space, then the conditions (1), (2) are equivalent to
The class of ℵ-spaces, appearing in Theorem 1.8 was introduced by O'Meara [22] and is one of many known classes of generalized metric spaces, which are defined with the help of networks.
A family N of subsets of a topological space X is called
• a network if for each open set U ⊂ X and point x ∈ U there exists a set N ∈ N such that x ∈ N ⊂ U ; • a k-network if for each open set U ⊂ X and compact set K ⊂ U there exists a finite subfamily F ⊂ N such that K ⊂ F ⊂ U ; • a Pytkeev network if N is a network and for any open set U ⊂ X, a subset A ⊂ X and point x ∈ U ∩Ā \ A, there exists a set N ∈ N such that N ⊂ U and N ∩ A is infinite; • an ap-network if for each open set U ⊂ X and a sequence {x n } n∈ω ⊂ X of points that accumulate at a point x ∈ U there exists a set N ∈ N such that N ⊂ U and the set {n ∈ ω : x n ∈ N } is infinite; • an as-network if for each open set U ⊂ X and a sequence (S n ) n∈ω of closed subsets of X that accumulates at a point x ∈ U there exists a set N ∈ N such that N ⊂ U and the set {n ∈ ω : N ∩ S n = ∅} is infinite.
The prefixes cs, ap, as are abbreviations of "convergent sequence", "accumulating sequence of points", and "accumulating sequence of closed sets". A regular topological space X is called
• an ℵ 0 -space if X has a countable k-network;
• an ℵ-space if X has a σ-discrete k-network;
• cosmic if X has a countable network;
• cs-cosmic if X has a countable cs-network;
• ap-cosmic if X has a countable ap-network;
• as-cosmic if X has a countable as-network;
• a σ-space if X has a σ-discrete network;
• a σ cs -space if X has a σ-discrete cs-network;
• a σ ap -space if X has a σ-discrete ap-network;
• a σ as -space if X has a σ-discrete as-network.
The classes of cosmic spaces and ℵ 0 -spaces are two well-studied classes of generalized metric spaces, introduced by Michael [23] and considered in the surveys of Gruenhage [19] , [20] , [25] ; ℵ-spaces were introduced and studied by O'Meara [22] in his dissertation (see also [13] and [19] ). It can be shown (see [13] ) that a σ-discrete (more generally, compact-countable) family of sets is a k-network if and only if it is a cs-network. This implies that a topological space is an ℵ 0 -space (resp. an ℵ-space) if and only if it is cs-cosmic (res. a σ cs -space).
The class of ap-cosmic spaces coincides with the class of P 0 -spaces of Banakh in [2] and the class of σ ap -spaces (properly) contains the class of P-spaces of Gabriyelyan and Kakol [16] .
The classes of as-cosmic spaces and σ as -spaces are new and are introduced in this paper with purpose to find in the class of cometrizable spaces a subclass of spaces defined by suitable network properties. These two new classes are studied in more details in the paper [6] . Here we announce just one result from [6] . Theorem 1.9. Each cs-network N in a cs-Ascoli normal ℵ-space X is an ap-network. Consequently, every cs-Ascoli normal ℵ-space X is a σ ap -space.
Proof. For convenience of the reader, we provide a short proof of this theorem. To show that the cs-network N is an as-network, fix an open set U ⊂ X and a sequence (F n ) n∈ω of closed subsets of X that accumulates at some point x ∈ U . By Theorem 1.8, the cs-Ascoli ℵ-space X contains no Cld ω -fans. Consequently, the sequence (F n ) n∈ω is not a Cld ω -fan and hence it is not compact-finite. So, we can find a compact set K ⊂ X such that the set Ω = {n ∈ ω : K ∩ F n = ∅} is infinite. For each n ∈ Ω choose a point x n ∈ K ∩ F n . Since compact sets in ℵ-spaces are metrizable (by [19, 2.4, 4.6] ), the sequence (x n ) n∈Ω has a convergent subsequence (x n k ) k∈ω . Since N is a cs-network, there exists a set N ∈ N such that N ⊂ U and the set {k ∈ ω : x n k ∈ N } ⊂ {k ∈ ω : N ∩ F n k = ∅} is infinite. Then the set {n ∈ ω : N ∩ F n = ∅} is infinite too, witnessing that N is an as-network for X.
Let us also formulate a corollary of Theorem 1.7 and a result of Foged [13] (see [19, 11.4] ) (saying that each Fréchet-Urysohn ℵ-space is stratifiable). Proposition 1.10. Each Féchet-Urysohn ℵ-space is stratifiable and hence cometrizable.
The location of cometrizable spaces among other generalized metric spaces is shown in Diagram 1 holding for any regular topological space. By simple arrows we denote the implications that hold under some additional assumptions (written at the arrows). The non-trivial (or not discussed sofar) implications of this diagram are established in the following theorem that will be proved in Section 5. (1) Each cosmic space is cs-separable. (2) Each cs-cosmic space is k-separable. as-cosmic
semi-stratifiable cometrizable quarter-stratifiable The Sorgenfrey line is cometrizable, first-countable, k-separable and quarterstratifiable, but not semi-stratifiable.
The cometrizability of the Sorgenfrey line is witnessed by the standard Euclidean topology of the real line. The k-separability of the Sorgenfrey line is established in [5] . By Example 3.2 in [1] , the Sorgenfrey line is quarter-stratifiable but not semi-stratifiable. Problem 1.13. Is each cometrizable space quarter-stratifiable?
Our next example is more difficult and will be constructed in Section 6. Example 1.14. There exists a regular countable space X of weight ω 1 , which is not cometrizable and hence not stratifiable. If ω 1 = c, then the space X contains no infinite compact sets and is cs-cosmic. If ω 1 < p, the space X is Fréchet-Urysohn and is not cs-cosmic.
The cardinal p is defined as the smallest character of a countable space with a unique non-isolated point, which is not Fréchet-Urysohn. It is known that ω 1 ≤ p ≤ c and p = c under Martin's Axiom, see [11] , [27] , [8] .
Example 1.15. The weak topology of a Banach space X is cometrizable if and only if X is finite-dimensional. If X is separable and reflexive, then (X, weak) is a hemicompact submetrizabe space.
Such an ℵ 0 -space (if it exists) cannot be cs-Ascoli according to Theorem 1.11 (6) . Looking at Proposition 1.10 and Theorems 1.9 and 1.11 (3) , it is natural to ask Problem 1.16. Is each (sequential) σ as -space cometrizable?
Proof of Theorem 1.3
Given a separable family K of compact subsets of a topological space X and a cometrizable space Y , we shall prove that the function space C K (X, Y ) is cometrizable.
The family K, being separable, contains a countable subfamily D ⊂ K such that each set K ∈ K is contained in a setK ∈ K such that K is contained in the closure of the setK ∩ ∪D. Then the density of K in X implies the density of the union D in X.
Since
is a topological embedding. We claim that the topology σ witnesses that the space
for some non-empty compact sets K 1 , . . . , K n ∈ K and some open sets U 1 , . . . , U n ⊂ Y . For every i ≤ n and point
By the compactness of
Consider the open neighborhood
] ∈ σ is a required σ-open neighborhood of g that is disjoint with the set V f .
Proof of Theorem ??
Given a separable topological space Y of cardinality |Y | ≥ 2 and a non-empty Y -Hausdorff space X, we should prove that the function space C p (X, Y ) is cometrizable if and only if X is countable and Y is cometrizable.
Since For every function g ∈ C(X, Y ) fix a countable neighborhood base {U m (g)} m∈ω ⊂ τ at g in the topology τ . Since the the topology τ is weaker than the topology of pointwise convergence, for every m ∈ ω we can find a finite set F g,m ⊂ X such that {f ∈ C(X, Y ) : f ↾F g,m = g↾F g,m } ⊂ U m (g). By induction we can construct an increasing sequence (Z n ) n∈ω of non-empty countable subsets of X such that for every n ∈ ω
We claim that X is equal to the countable set Z = n∈ω Z n . To derive a contradiction, assume that X contains some point x 0 / ∈ n∈ω Z n . The space Y , being cometrizable, is Hausdorff. By the density of D in Y , we can find two distinct points y 0 , y 1 ∈ D and an open set W ⊂ Y such that y 0 ∈ W and y 1 / ∈ W . Consider the constant function g 0 : X → {y 0 } ⊂ D and its neighborhood U = {f ∈ C p (X, Y ) : f (x 0 ) ∈ W }. By the choice of the topology τ , the neighborhood U contains a neighborhood V ⊂ C p (X, Y ) whose closure V τ in the topology τ is contained in U . We lose no generality assuming that
It is clear thatg / ∈ U and henceg / ∈ V τ . Consider the function f =g↾F ∩ Z and find n ∈ ω such that F ∩ Z ⊂ Z n .
Observe that f ∈ Φ[Z n ]. By the density of the set
τ . Since {U m (g)} m∈ω neighborhood base of the topology τ at g, there exists m ∈ ω such that U m (g) ∩ V = ∅. Taking into account that f ∈ Φ[Z n ] and g ∈ Ψ[f ], we conclude that F g,m ⊂ Z n+1 ⊂ Z and hence F g,m ∩F ⊂ Z ∩F . By the Y -Hausdorff property of X, there exists a continuous functionḡ :
we conclude thatḡ(F ) ⊂ W ′ and henceḡ ∈ V . On the other hand,ḡ↾F g,m = g↾F g,m and the choice of the set F g,m ensure thatḡ ∈ U m (g) ⊂ C τ (X, Y ) \ V . This is a desired contradiction, proving that the space X = Z is countable.
Proof of Theorem 1.7
Given a stratifiable space X, we should prove that X is cometrizable. By the stratifiability of X, each point x ∈ X has a countable system of open neighborhoods (W n (x)) n∈ω such that every closed set F in X is equal to the intersection n∈ω W n [F ] where
By Theorem 5.9 [19] , the stratifiable space X is a σ-space. Consequently, X has a σ-discrete network N . Since the space X is regular, we can replace each set N ∈ N by its closure and assume that N consists of closed subsets of X.
Write the σ-discrete family N as the countable union N = k∈ω N k of discrete families N k in X. The discreteness of N k means that each point x ∈ X has a neighborhood O x that intersects at most open set N k . By Theorem 5.7 of [19] , the stratifiable space X is paracompact. Then we can find an open cover U k of X such that for every U ∈ U k the U k -star St(U, U k ) = {V ∈ U k : V ∩ U = ∅} is contained in some set O x , x ∈ X, and hence intersects at most one set of the family N k . For every N ∈ N k consider the U k -star St(N, U k ) = {U ∈ U k : N ∩ U = ∅}. It follows that each set U ∈ U k intersects at most one star St(N, U k ), N ∈ N k , which means that the family St(N,
of the closed set N in X. Since stratifiable spaces are perfectly normal [9] , there exists a continuous function f k,N,n : X → [0, 1] such that f Since the family (O k,N,n ) N ∈N k is discrete in X, the function
is well-defined and continuous. The functions f k,n , k, n ∈ ω, compose a continuous function
Consider the topology τ = {f −1 (U ) : U is an open set in M } on X. We claim that τ is a metrizable topology τ witnessing that the space X is cometrizable.
Take any point x ∈ X and neighborhood O x ⊂ X. By the regularity of the space X, there exists an open neighborhood U ⊂ X of x such that U ⊂ O x . Then the closed set F = X \ U does not contain the point
Since N is a network, the open set X \ U coincides with the union N ′ of the subfamily
also belongs to the topology τ . Observe that
This implies that the topology τ satisfies the separation axiom T 1 and hence is metrizable, witnessing that the space X is cometrizable.
Proof of Theorem 1.11
The three statements of Theorem 1.11 are proved in the following three lemmas.
Lemma 5.1. Each cosmic space X is cs-separable.
Proof. By [19, 4.9] , the cosmic space X is the image of a separable metrizable space M under a continuous map f : M → X. Let D be any countable dense set in M . We claim that its image f (D) is sequentially dense in X. Indeed, given any point x ∈ X, we can find a point z ∈ M with f (z) = x and choose a sequence {z n } n∈ω ⊂ D that conveges to z. Then the sequence {f (z n )} n∈ω ⊂ f (D) converges to x in the space X.
We recall that the class of cs-cosmic spaces coincides with the class of ℵ 0 -spaces.
Lemma 5.2. Each cs-cosmic space X is k-separable.
Proof. By [19, p.494 ], the ℵ 0 -space X is the image of a separable metric space (M, d) under a compact-covering map f : M → X. The compact-covering property of f means that each compact set K ⊂ X coincides with the image f (C) of some compact set C ⊂ M . Let D be any countable dense set in M . We claim that its image f (D) is k-dense in X. Indeed, given any compact set K ⊂ X, use the compact-covering property of f to find a compact set C ⊂ M with f (C) = K. Fix a countable dense set {c n } n∈ω in C and for every n, k ∈ ω choose a point
It is easy to see that the setC = C ∪ {c n,k : n, k ∈ ω} is compact and D ∩C ⊃ {x n,k : n, k ∈ ω} is dense inC. ThenK = f (C) is a compact set, containing K and the setK ∩ f (D) ⊃ {f (c n,k )} n,k∈ω is dense inK. This shows that the countable set f (D) is k-dense in X and the space X is k-separable.
Our last lemma proves the (most difficult) third statement of Theorem 1.11. Lemma 5.3. Each as-cosmic space X is cometrizable.
Proof. Fix a countable as-network N for the as-cosmic space X. Let B be a countable base of the topology of the real line R such that B is closed under finite unions. Let τ be the zerodimensional Hausdorff topology on the function space C(X, R), generated by the countable subbase consisting of the sets
where N ∈ N and B ∈ B. Denote by C τ (X) the space C(X, R) endowed with the topology τ .
Let D be any countable dense subset of the second-countable space C τ (X). Let K be the family of compact subsets K ⊂ C τ (X) such that either K is finite or K has a unique non-isolated point and K ∩ D is dense in K.
It is easy to see that K is a separable family of compact sets in C τ (X). By Theorem 1.3, the function space C K (C τ (X)) is cometrizable.
Consider the canonical map δ : X → C K (C τ (X)) assigning to each point x ∈ X the Dirac measure δ x : f → f (x). Let us show that the Dirac measure δ x is a continuous function on C τ (X). Given any function f ∈ C τ (X) and an open neighborhood U ∈ B of
Let us show that the inverse map δ −1 : δ(X) → X is continuous. Take any point x ∈ X and fix any neighborhood O x ⊂ X of x. The space X, being regular and Lindelöf (because of cosmic), is normal. Then we can find a continuous function f : X → [0, 1] such that f (x) = 1 and f (X \ O x ) ⊂ {0}. Since the family K contains all singletons in the space C τ (X), the singleton {f } belongs to the family K. Consider the open set U = {r ∈ R : r > 
It remains to prove that the map δ : X → C K (C τ (X)) is continuous. Since the base B is closed under finite unions, it suffices to prove that for every compact set K ∈ K and every basic open set U ∈ B the preimage δ −1 ([K, U ]) is open in X. By the definition of the family K, the compact set K is either finite or has a unique non-isolated point and K ∩ D is dense in D.
First assume that K is finite. Then
is open in U by the continuity of the functions f ∈ K. Now assume that K has a unique non-isolated point and the set K ∩ D is dense in K. Then K = {f ∞ } ∪ {f n } n∈ω for some sequence of functions {f n } n∈ω ⊂ D that converge to a function f ∞ in the space C τ (X). Assuming that the set
Since N is an as-network, there exists a set N ∈ N such that N ⊂ f −1 ∞ (U ) and N intersects infinitely many closed sets
n (U ) for all n ≥ m and N cannot intersect infinitely many sets X \ f −1 n (U ). This contradiction completes the proof of the continuity of the map δ : X → C K (C τ (X)).
Therefore, δ is a topological embedding of the space X into the cometrizable space C K (C τ (X)), which implies that the space X is cometrizable.
6. The construction of the space from Example 1.14 In this section we construct a regular topology τ of weight ω 1 on the set of rational numbers Q such that the topological space (Q, τ ) is not cometrizable (and contains no infinite compact subsets under CH).
Let τ 0 be the standard metrizable topology on the set Q of rational numbers. Let S be the set S of all injective functions s : ω → Q \ {0} such that the sequence (s(n)) n∈ω converges in the topological space (Q, τ 0 ).
Since the set S has cardinality |S| = c, it can be written as S = {s α+1 } α∈c . For each limit ordinal α < ω 1 let s α : ω → Q be the map defined by s α (n) = n + 1 for n ∈ ω.
By transfinite induction of length ω 1 , for every countable ordinal α we select a regular second countable topology τ α on Q and a neighborhood U α ∈ τ α of zero such that the following conditions are satisfied for every α < ω 1 :
(1 α ) β<α τ β ⊂ τ α ; (2 α ) the topological space (Q, τ α ) has no isolated points; (3 α ) for every β < α and every neighborhood V ∈ τ α of zero the τ β -closure of V is not contained in U β+1 ; (4 α ) the sequence (s α (n)) n∈ω is not convergent in the topological space (Q, τ α ).
Assume that for some non-zero ordinal α and all ordinals β < α we have constructed topologies τ β and open sets U β ∈ τ β satisfying the conditions (1 β )-(4 β ).
If α is a limit ordinal, let τ α be the topology on Q, generated by the base β<α τ β , and observe that the conditions (1 α )-(4 α ) are satisfied. The condition (4 α ) is satisfied since s α (n) = n + 1 for n ∈ ω. Now assume that α is a successor ordinal and hence α = γ + 1 for some ordinal γ. Let ξ : ω → γ = [0, γ) be a function such that for every β < γ the preimage ξ −1 (β) = {n ∈ ω : ξ(n) = β} is infinite.
Let {V n } n∈ω ⊂ τ γ be a neighborhood base at zero such that V 0 = Q and
for all n ∈ ω. Since the metrizable countable space (Q, τ γ ) is zero-dimensional, we can additionally assume that each V n is closed-and-open in the topology τ γ . If the limit point x 0 of the convergent sequence (s γ+1 (n)) n∈ω is not equal zero, then we shall additionally assume that the τ 0 -closure of the set V 1 is disjoint with the compact set {x 0 } ∪ {s α (n)} n∈ω (which does not contain zero). If x 0 = 0, then put x 0,k = s α (k) for all k ∈ ω and observe that the sequence (x 0,k ) k∈ω converges to the point x 0 in the topology τ 0 .
If x 0 = 0 and the sequence (s α (n)) n∈ω converges to zero in the topology τ γ , then we can choose an increasing number sequence (n k ) k∈ω such that the point x 0,k := s α (n k ) belongs to the neighborhood V k ∈ τ γ of zero. In this case the sequence (x 0,k ) k∈ω converges to zero in the topology τ γ . If x 0 = 0 but the sequence (s α (n)) n∈ω does not converges to zero in the topology τ γ , then for every k ∈ ω choose any point x 0,k ∈ V k and observe that the sequence (x 0,k ) k∈ω converges to zero in the topology τ γ .
By the condition (3 γ ), for every n ∈ N the τ ξ(n) -closure of V n is not contained in U ξ(n)+1 . So, we can find a sequence {x n,k } k∈ω ⊂ V n of pairwise distinct points that converge to some point x n ∈ X \ U ξ(n)+1 in the topology τ ξ(n) . Since τ 0 ⊂ τ ξ(n)+1 , the sequence (x n,k ) k∈ω converges to x n in the Euclidean topology τ 0 . Since V n ⊂ [2 −n , 2 n ], the point x n belongs to the closed interval [2 −n , 2 n ] and hence the sequence (x n ) n∈ω converges to zero in the topology τ 0 . Replacing each sequence (x n,k ) k∈ω by a suitable subsequence, we can assume that the points x n,k , (n, k) ∈ N × ω, are pairwise distinct and do not belong to the compact set {x 0 } ∪ {x 0,k } k∈ω . Since {x n } ∪ {x n,k } n,k∈ω ⊂ [2 −n , 2 n ] for all n ∈ N, the subspace {x n,k } n,k∈ω is closed and discrete in the (zero-dimensional) subspace Q \ ({0} ∪ {x n } n∈ω ) of (Q, τ 0 ).
Consequently, for each n, k ∈ ω we can find a closed-and-open neighborhood O n,k ∈ τ 0 of the point x n,k such that the sets O n,k , n, k ∈ ω, are pairwise disjoint and also are disjoint with the compact set {0} ∪ {x n } n∈ω . Since the space (Q, τ γ ) has no isolated points, for every n ∈ N and k ∈ ω we can choose an open neighborhood V n,k ∈ τ γ of the point x n,k such that V n,k ⊂ O n,k ∩ V n , V n,k is not closed in the topology τ γ and the space O n,k \ V n,k has no isolated points in the topology τ γ . Let
and let τ α be the topology generated by the subbase τ γ ∪ {U α , Q \ U α }. It is easy to check that for the topology τ α and the neighborhood U α ∈ τ α of zero the conditions (1 α )-(3 α ) are satisfied. Let us show that the condition (4 α ) is satisfied, too. To derive a contradiction, assume that the sequence (s α (k)) k∈ω converges in the topological space (X, τ α ). Since τ γ ⊂ τ α , it converges in the space (X, τ γ ) and hence (x 0,k ) k∈ω is a subsequence of the sequence (s α (n)) n∈ω by the definition of the points x 0,k , k ∈ ω. Since the closed-and-open set U α ∈ τ α contains the points x 0,2k , k ∈ ω, and does not contains the points x 0,2k+1 , k ∈ ω, the sequence (x 0,k ) k∈ω is not convergent in the topology τ α and then the sequence {s α (n)} n∈ω ⊃ {x 0,k } k∈ω also cannot be convergent in the topology τ α . Therefore, (4 α ) is satisfied.
After completing the inductive construction, consider the topology τ = α∈ω 1 τ α on Q (this is a topology as Q is countable). We claim that the space (Q, τ ) is not cometrizable. In the opposite case we could find a metrizable topology σ ⊂ τ such that for every neighborhood U ∈ τ of zero there exists a neighborhood V ∈ τ of zero whose closure in the topology σ is contained in U . Since the topology σ ⊂ τ has a countable base, there exists a countable ordinal β such that σ ⊂ τ β . By the choice of the topology σ, for the neighborhood U β+1 ∈ τ β+1 ⊂ τ , there exists a neighborhood V ∈ τ whose σ-closure in contained in U β+1 . Since V ∈ τ = α∈ω 1 τ α , there exists a countable ordinal α > β with V ∈ τ α . The inductive condition (3 α ) ensures that the τ β -closure of V is not contained in U β+1 . Since σ ⊂ τ β , the σ-closure of V contains the τ β -closure of V and hence also is not contained in U β+1 . This contradiction shows that the space (Q, τ ) is not cometrizable.
Finally, assuming that ω 1 = c, we shall prove that the space (Q, τ ) contains no infinite compact subsets. In the opposite case, we could find an injective function s : ω → Q \ {0} such that the sequence (s(n)) n∈ω is convergent in the topological space (Q, τ ). Since τ 0 ⊂ τ , this sequence remains convergent in the space (Q, τ 0 ) and hence s ∈ S = {s α+1 } α∈ω 1 . So, we can find a successor ordinal α < ω 1 such that s = s α . In this case the inductive condition (4 α ) ensures that the sequence (s α (n)) n∈ω is not convergent in the topology τ α and then the sequence (s(n)) n∈ω = (s α (n)) n∈ω cannot be convergent in the topology τ ⊃ τ α , which contradicts the choice of s. Since each compact subset of the space X is finite, the countable family N = {{x} : x ∈ X} is a k-network for X, which means that X is an ℵ 0 -space and hence is cs-cosmic.
If ω 1 < p, then the space X is Fréchet-Urysohn by the definition of the cardinal p. Assuming that X is an ℵ 0 -space and applying [19, 11.4] , we would conclude that that X is stratifiable and, by Theorem 1.7, X is cometrizable, which is not the case.
